CYLINDRICAL COMBINATORICS AND REPRESENTATIONS OF 
CHEREDNIK ALGEBRAS OF TYPE A 

TAKESHI SUZUKI 

Abstract. We investigate the representation theory of the rational and trigono- 
metric Cherednik algebra of type GL n by means of combinatorics on periodic (or 
cylindrical) skew diagrams. 

We introduce and study standard tableaux and plane partitions on periodic 
diagrams, and in particular, compute some generating functions concerning plane 
partitions, where Kostka polynomials and their level restricted generalization ap- 
pear. 

On representation side, we study representations of Cherednik algebras which 
admit weight decomposition with respect to a certain commutative subalgebra. 
All the irreducible representations of this class are constructed combinatorially 
using standard tableaux on periodic diagrams, and this realization as "tableaux 
representations" provides a new combinatorial approach to the investigation of 
these representations. 

As consequences, we describe the decomposition of a tableaux representation 
as a representation of the degenerate affine Hecke algebra, which is a subalgebra 
of the Cherednik algebra, and also describe the spectral decomposition of the 
spherical subspace (the invariant subspace under the action of the Weyl group) 
of a tableaux representation with respect to the center of the degenerate affine 
Hecke algebra, In particular, the computation of the character of the spherical 
subspace is reduced to the computation of the generating function for the set of 
column strict plane partitions, and we obtain an expression of the characters in 
terms of Kostka polynomials as announced in |Su2| . 
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1. Plane partitions and standard tableaux on periodic diagrams 

We study cylindrical combinatorics, that is, combinatorics on periodic (or cylindrical) 
skew diagrams, which are introduced by Gessel and Krattenthaler |GK| as a cylin- 
drical analogue of skew Young diagrams, and have appeared in the representation 
theory of the double affine Hecke algebras |Ch4l ISVj . 

l 
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1.1. Root system and Weyl group. Let F denote a field of characteristic 0, which 
includes the field Q of rational numbers and the ring Z of integers. 
Throughout this article, we use the following notation: 



[a,b] 



{a, a + 1, . . . , 6} for a, b G F with b — a G Z>o, 
otherwise. 



Fix n G Z>2- Let f) be an n-dimensional vector space over F with the basis 

r v v vi. 
\e 1 , e 2 , . . . , e n j. 

Introduce the non-degenerate symmetric bilinear form ( | ) on f) by (e^lej) = <%. 
Let rj* = ®" =1 Fej be the dual space of rj, where ei are the dual vectors of e( . The 
natural pairing is denoted by(|):f)*xf)— >F. 

Put ctij = €i - €j, aV- = eV - ej (1 < i / j < n) and a, = e, - e i+ i, of = 
(*€ [l,n-l]). Then 

R = i a ij I hj e ^ i} , = I e * < j} 

give the system of roots and positive roots of type A n -\ respectively. 

Let W denote the Weyl group associated with the root system R. The group W 
acts on f) and rj*, and it is isomorphic to the symmetric group of degree n. 

Denote by s a the reflection in W corresponding to a G R. We write Sij = s aij 
G [1, n]) and Sj = s ai (i G [1, n — 1]). We have W = (si, S2, . . . , s n _i). 

Put 

P = ©ie[l,n] Ze i> 

which is a subset of h* and is preserved by the action of W. Define the extended 
affine Weyl group W of gl n as the semidirect product P x W. 

For i] £ P, let denotes the corresponding element in W. Put so = tei-e„ s in 
and 7r = t ei siS2 . . . s„_i. Then {so, si, ■ ■ ■ , Sn-i,^ 1 } gives a set of generators of W, 
and the subgroup generated by so, si, • • • , is the affine Weyl group associated 
with the root system of type . 

Define an action of the extended affine Weyl group W on the set Z of integers by 







fi + i 


for j = i 


modn, 


(1.1.1) 


Si(j) = < 


i-i 


for j = i 


+ 1 modn, (i G [1, n 








for j i 


i + 1 mod n, 


(1.1.2) 


Mi) = < 


j + n 


for j = i 
for j ^ i 


modn, 

(t€ l,n ) 

modn. 



Note in particular that ir(j) = j + 1 for all j G Z. 

1.2. Periodic skew diagrams. We need a slightly generalized definition of skew 
diagrams. 
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Definition 1.1. A subset 9 of Z x F is called a skew diagram if the following 
conditions are satisfied: 

(Dl) The set 9 consists of finitely many elements. 

(D2) For any i G Z, there exist Aj, \X{ G F such that {(a, 6) G | a = z} = [//j + 1, Aj]. 
(D3) (Skew property) If (a, 6), (a', 6') G 6> with a' -a G Z>i and (6'-o / )-(6-a) G Z> 
then (a, 6 + 1), (a',b' - 1) G 0. 

In the sequel, we regard Z x F as a Z-module. 

Let 7 G Z x F. Denote by Z7 the subgroup of Z x F generated by 7. 

Definition 1.2. A subset of ZxF is called a periodic skew diagram (or a cylindrical 
skew diagram) of period 7 if the following conditions are satisfied: 
(D'l) The group Z7 acts on by parallel translation, i.e., + 7 = 0, and a 
fundamental domain of this action on consists of finitely many elements. 

(D'2) For any i G Z, there exist Aj,/Xj G F such that {(a, b) G | a = i} = [ni + l, Aj]. 
(D'3) (Skew property) If (a, 5), (a', 5') G with a' — a £ Z>i and (6' - a') — (6 — a) G 
Z> then (a, b + 1), (a', 6' - 1) G 0. 

Let Y n denote the set of skew diagram consisting of n-elements, and let Y" denote 
the set of periodic diagrams of period 7 consisting of n numbers of Z7-orbits. 
For a skew diagram 9, define a subset of Z x F by 

9^ = 9 + Z7. 

We often write 9 = 9^ when 7 is fixed. For 7 = (±m, I) G Z x F with m G Z>i, set 

Y™ = {6> G Y n I 6> C [1, m] x F and # 7 G Y™}. 

Note that Y™ = Y™ 7 and Y™ = Y" r 

For a periodic skew diagram of period 7 = (±m, Z), the subset On ([1, m] x F) is 
a skew diagram and it gives a fundamental domain of Z7 on 0. Hence any periodic 
diagram of period 7 is of the form 9 for some 9 G Y™, and the map 9^9, Y" — > Y™ 
is bijective. 

By the condition (D2), any skew diagram 9 C [l,m] x F is expressed as A/// for 
some A,/i G F m , where 

A//x = {(a, 6) G Z x F | a G [1, m], b G [A a + 1, // a ]}. 

Moreover, it follows from the condition (D3) that A and \i can be chosen from the 
set of dominant elements 

® m = {v = (v 1: . . . ,v m ) e F m \ (vi -%)- (vj - j) £ Z< for any i < j}. 

For k G F, define S) m , K as the subset of D m consisting of those elements v satisfying 
the following conditions: 

(1.2.1) pn + (fi — i) — (vj — j) £ Z<o for any i < j and p G Z>o, 

(1.2.2) pK — (i/j — i) + (i^j — j) £ Z<o for any i < j and p G Z>o- 

Note that D mjK = unless k G F \ Q<o- For G Z m , we write f |= n if z/ is a 
composition of n; namely, v\ > v<i > • • • > v m and Ylie[i m ] Ui = n ' 
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It is easy to show the following: 

Lemma 1.3. Let m G Z>i and k G F \ Q<o- If \,fi G 2) TO k; and A — /j |= n, then 
A//i G Y^_ m K _ m) . Conversely, for any 9 G ~Y™_ m ^_ rn) , there exist A,/i£ £ mA such 
that 9 = A//i. 

Define Y* n as the subset of Y" consisting of diagrams without empty rows: 
Y* n = \e € Y™ Va € Z, 36 G F such that (a, 6) G <?} . 

Corollary 1.4. Let m £ [l,n] and kGF\Q<o. Put j = (—m, k — m). 

(i) Lei A,/j £ F m smc/i i/tai A — /i (= n and Aj — fii > 1 /or a// i G [1, m] . Then X/pi 
is in Y* n if and only if A, /j G 

(ii) For any 9 G Y* n , t/iere exist unique A,/i G 5?m jK suc/t i/iai 9 = X/fj,. 

1.3. Plane partitions on periodic diagrams. Let be a skew diagram. 

Definition 1.5. (i) A map p : 9 — > Z is called a plane partition on if it is weakly 
row-column increasing; namely, if it satisfies the following two conditions (P2) and 
(P3): 

(P2) p(a, b) < p(a, 6 + 1) for any (a, 6) G 9 and (a, 6 + 1) G 9. 

(P3) p(a, 6) < p(a + k + 1, b + k) for any (a, 6) G 9 and (a + A; + 1, b + k) G 9 with 
G Z>o- 

(ii) A plane partition on 9 is said to be row strict (resp., column strict) if the strict 
inequality always holds in (P2) (reps., (P3)). 

Let PP(6>) denote the set of the plane partitions on 9, and let PP R (6 I ) and PP C (6 I ) 
denote the set of the row strict and column strict plane partitions on 9 respectively. 
Define 

(1.3.1) PP(0) = {p G PP(0) | p(n) > Vu G 0}, 

and define PP R (6>) and PP C (6») similarly. 



Remark 1.6. In literature (e.g. |St3j ). a plane partition on 9 C Z x Z is defined as 
a map p : 9 — > Z>i which is weakly decreasing in both row and column directions. 
In |St3j . an element of PP(0) is called a weak reverse plane partition. 



Let 7 G Z x F. Let 9 G Y™. 

Definition 1.7. (i) A map p : 9 — > Z is called a plane partition on 9 if it satisfies 
the following conditions: 

(PI) p(u + 7) = p(n) - 1 for all u G 9. 

(P2) p(a, 6) < p(a, 6 + 1) for any (a, 6) G 9 and (a, 6 + 1) G 9. 

(P3) p(a, 6) < p(a + k + l,b + k) for any (a, 6) G (9 and (a + + 1, 6 + fc) G with 
G Z>o- 

(ii) A plane partition on 9 is said to be row strict (resp., column strict) if the strict 
inequality always holds in the condition (P2) (resp., (P3)). 



CHEREDNIK ALGEBRAS 



5 



Let PP 7 (#) denote the set of the plane partitions on 9, and let PPj^(^) (resp., 
PP 7 (#)) denote the set of the row strict (resp., column strict) plane partitions on 
9. Define 

PP 7 (6>) = {p e PP 7 (#) | p{u) >0 V«e 9}, 
and define PP 7 (6>) and PP 7 (0) similarly. 

Example 1.8. Let n = 7, 7 = (—2,3), and let 9 = X/fM with A = (5,3) and 
/i = (1,0). Then 9 G Y™. The following figure represents the associated periodic 

diagram 9 and a column strict plane partition on 9. 
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Figure 1. 

A plane partition p G PP(#) on 9 can be uniquely extended to a function p : 9 — > Z 
by setting p(u + Ary) = p(-u) — &; for u G # and k € Z. The correspondence p 1 — 5- p 
gives an embedding from PP(#) into the set Map(#,Z) of maps 9 — > Z. 

In the sequel, we often identify PP(#) with a subset of Map((?,Z). Under this 
identification, we have 

PP 7 (0) C PP(0), PP R (0) C PP R (0), PP^) C PP c (0) 

PP 7 (0) C PP(0), PP R (0) C PP R (0), PP°(0) C PP c (0). 

The following statement can be shown easily using the skew property of 9: 

Lemma 1.9. A plane partition p G PP(0) is in PP 7 (0) if and only if 

p(a,b) <p(a + k + l,b + k) 

for any (a, b) G 9 with k = min{j G Z>q \ (a+j + l,b + j) £9}. 

Remark 1.10. Another important generalization of plane partitions is given by im- 
posing the periodicity p(u + 7) = p(u) instead of (PI). Such plane partitions (called 
cylindric partitions) are introduced and studied by Gessel and Krattenthaler GK , 
and they are related to the theory of quantum Schubert calculus (see |Poj ). 
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1.4. Tableaux on periodic diagrams. Let 7 G Z x F and G Y". Following 
|SVj . we introduce standard tableaux on 9, which connect the representation theory 
of Cherednik algebras and the combinatorics on periodic diagrams. 

Definition 1.11. Let 9 G Y™. 

(i) A map T : 9 — > Z is called a tableau on if it is a bijection and satisfies the 
following condition 

(Tl) T(u + 7) = T(u) - n for all u G 9. 

(ii) A tableau T on 9 is called a standard tableaux if it satisfies the following condi- 
tions: 

(T2) T(a, b) < T(a, 6 + 1) for any (a, b) G 9 and (a, 6 + 1) G 0. 

(T3) T(a, b) < T(a + k + 1, b + ft) for any (a, b) G and (a + ft + 1, b + k) E 9 with 
k G Z>o- 

Denote by Tab 7 (#) and St 7 (0) the set of tableaux and the set of standard tableaux 
on 9 respectively. Similarly to Lemma ll.9[ we have 

Lemma 1.12. A tableau T on 9 is a standard tableaux if and only if it satisfies the 
following conditions: 

(T'2) T(a, b) < T(a, 6 + 1) for any (a, b) G 9 and (a, 6 + 1) G 9. 

(T'3) T(a,b) < T(a + k + l,b + k) for any (a, 6) G 9 with k = min{j G Z>o | 

{a + j + l,b + j)e9}. 

For T G Tab 7 (0) and w G W, the map wT : — > Z given by (wT)(u) = 
w(T(u)) (u G 0) is also a tableau on 0. The assignment T 1— > wT gives an action of 
Won Tab 7 (0). 

Proposition 1.13 ( |S Vj ) . For any /ixed T G Tab 7 (#), the assignment w 1— ► wT 
yroes t/ie bijection ipx '■ W — > Tab 7 (0) between sets. 

Remark 1.14. It is possible to give the inverse image of St 7 (#) by explicitly. See 
[SYl Theorem 3.19]. 

We define a tableau on a (classical) skew diagram 9 as a bijection T : 9 — > [l,n], 
and define standard tableaux analogously. Denote by tab(0) and st{9) the set of 
tableaux and the set of standard tableaux on 9 respectively. 

A tableau T on 9 G Y™ can be extended to a tableau on by the (quasi) periodicity 
T(u + 7) =T{u)-n. 

This gives an embedding 

tab(0) -» Tab 7 (0), 

through which we often regard tab(0) as a subset of Tab 7 (0). 
In the sequel, we treat the case 7 G Z<_i x F. 

Then, under the identification above, st(0) is thought as a subset of St 7 (0). 
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Define a special tableau, which we call the row reading tableau on 8, by 

a-l 

(1.4.1) te(a,fi a + j) = ^(Afc - fj, k ) + 3 for a G [1, m], j G [1, Aj — /x,], 

fc=i 

and extend it to the tableau on 8. Here Aj and /Uj (i G [l,w,]) are components of 
A,/i£ F m such that 6 = X/fi. Observe that t e € st(0) C St 7 (0). 

Example 1.15. Let n = 7, 7 = (—2,3), and let = \/jx with A = (5,3) and 
ji = (1,0). Then the row reading tableau ig on 6 is expressed as follows: 
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Figure 2 

1.5. Connection between standard tableaux and plane partitions. Let 7 G 

Z<_i x F and # € Y". 



For T G Tab 7 (fl), define the map g(T) : -» Z by 

~T(u)-l 



(1.5.1 



e(r)(«) 



n 



for u G 0, 



where ft] (i G Q) denotes the maximum integer which is not greater than t. 

In other words, g(T) is defined as the map g(T) : 8 — > Z such that T := T — ng(T) 
is a map $ — > [l,n] (see Figure 3). 
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Figure 3. T = 5g(T) + T 

It is easy to see that if T G St 7 (0) then g(T) is a plane partition on 8. Namely, 
the assignment T 1— >• g(T) gives a map g : St 7 (6>) — > PP 7 (0). 
For T G Tab 7 ((9), we put 

T = T- 1 ([l,n]) C 8. 

The following is easy. 
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Lemma 1.16. (i) For any T G St 7 (0), the set 9 T is a skew diagram consisting of 
n elements. 

(ii) For any p G PP 7 (6>) and k G Z, i/ie set p _1 (A;) is a s&ew diagram consisting of 
n elements. 

(iii) For any T G St 7 (0) and k e Z, it holds that g(T)- l (k) = 9 T - kj. 

Consider the set W\Tab 7 (6>) of the W-orbits on Tab 7 (6>). Let wSt 7 (0) denote 
the image of St 7 (0) under the projection Tab 7 (#) — > W\Tab 7 (#). 

Proposition 1.17. Let 7 G Z<_i x F and 9 G Y™. The map g : St 7 (0) -> PP 7 (0) 

is surjective, and moreover it factors the bijection 

g : yvSt 7 (0) A PP 7 (0). 

Proof. Take any p G PP 7 (0). Then 9 = U keZ 9(k), where we put 9{k) = p _1 (fc) n 0. 
Observe that p _1 (A;) is a skew diagram, and so is 9{k). One can find a tableau S 1 
on 9 such that the restriction S\g^) is a standard tableau on 9(k), and moreover 
S(u) < S(v) for any u,v G 6> with p(u) > p(u). 

Extend 5 to a map 9 — > Z periodically by S(u + 7) = S(u). Then, it follows that 
T p := S + np is a standard tableau on 9. It is obvious that g(T p ) = p. Therefore g 
is surjective. 

Let T G St 7 (0). Then there exists f G tab(0) such that T(u) =T(u)+ng(T)(u) 
for any n G 9. Observe that wT(u) = w(T(u) + ng{T){u)) = w(T(u)) + ng{T){u) 
for any w; G W and u £ 9. This implies that f?(Ti) = o(T2) if and only if Ti = u?T2 
for some u; G W, and hence the map g factors the bijection yySt 7 (0) — > PP 7 (0). □ 

1.6. Content. Let 7 G Z<_i x F and 6* G Y™. Let c denote the map ZxF^F 
given by c(a, 6) = b — a. For a tableau T on 0, define a function Ct : Z — > F by 

c T « = c(T- 1 (i)) (ieZ). 

The function is called the content of T. For later use, we give several lemmas 
below. The first one is easy: 

Lemma 1.18. Let T G Tab 7 (#). Then 

(i) cr(i + n) = Cr(i) — c(7) /or any i G Z. 

(ii) c w r(i) = cr(?a~ 1 (i)) /or any i G Z ana" w; G W. 

Lemma 1.19. Let S,T G St 7 (0). T/ien eg = cj 1 «/ and onZy if S = T. 

Proof. Let T G St 7 (#). Then it follows from the definition of the standard tableaux 
that T(a, b) < T(a + k,b + k) for any (a, 6), (a + k, b + fc) G 9 with fc G Z>i. The 
statement follows easily from this property. □ 

Lemma 1.20. Let T G St 7 (0) and i G [0,n - 1]. 

(i) c T (i) - cr(» + 1) ^ 0. 

(ii) SjT G St 7 (0) i/ and on/y if c T (i) - c T (i + 1) ^ {-1, 1}. 
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Proof. Follows easily from the skew property and the definition of the standard 
tableaux. □ 

Lemma 1.21. Let T G St 7 (0). Let w G W and % G [0, n— 1] such that l(siw) < l(w). 
LfwT G St 7 ((9) then Si wT G St 7 (0). 

Proof. It follows from l(siw) < l(w) that w~ l {i) > + 1). Put S = wT and 

suppose that S G St 7 (0) and SiS ^ St 7 (0). Then cs(i) — cs(i + 1) = ±1. Suppose 
that CsO') - C S (i + 1) = 1. Then it follows from S G St 7 (0) that S^i + 1) = 
S' _1 (i) + (j + l,j) for some j G Z>o- But then we have T(5 _1 (i)) = > 
w^(i + 1) = T(S~ l (i + 1)). This contradicts T G St 7 (#). Similarly we have a 
contradiction in the case cs(i) — cs{i + 1) = —1. Hence SiS = SiwT G St 7 (#). □ 

2. Generating functions 
Let 9 be a skew diagram. For p G PP(0), define 

IpI = X^M- 

For a subset A of PP(0), we define the generating function for S by 

peA 

The purpose of this section is to compute the generating functions ^(PP^ (0); g) 
and V(PP<j(0);q). 

2.1. Count on single columns. As a first example, we compute the generating 
functions for a special skew diagram 

S n = {( a ,l) G Z x Z | a G [l,n]} 

by a naive enumerative method. We will see in Section lo.4l that they are related with 
character formulas for finite-dimensional representations of the rational Cherednik 
algebra of type A obtained by Berest-Etingof-Ginzburg BEG2]. 

It turns out that the computation is easy for most k G F\Q<o (see Lemma lo.l4|) . 
and the only interesting case is 

(2.1.1) k = n/r with r G Z>i, (n,r) = 1, 
which we treat in the sequel. For k G Z>i, put 

(2.1.2) [k} q \ = (l- q )(l-q 2 )...(l-q k ), 
and put [0] q \ = 1. 

Proposition 2.1. Let r G Z>i such that (n, r) = 1. Put 7 = (— n, n/r — n). Then 
*(PP 7 (5 n );g) = *(PP*(<U;g) = ^^Z^Y 



n 
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c ttJ . flU RIRi ifr>n, 
I if r < n. 



tt(PpC($ n );g) 



Proof. Let p G PP(<5 n ). It follows from Lemma fl, 91 that p € PP 7 (<5 n ) if and only 
if p(n, 1) < p(l + rn, 1) = p(l, 1) + r. Identifying the diagram 5 n with the set [1, n] 
via the correspondence (a, 1) i— > a, we have 

PP 7 (5„) = PP*(«J n ) = {p : [1, n] -► Z> | p(l) < p(2) < < p(n) < p(l) + r}, 
PPC(J„) = {p : [l, n ] -» Z> | p(l) < p(2) < • • • < p(n) < p(l) + r}. 

Note that PP*-(<5 n ) = U fceZ > PP*(<5 n ) fc and PP^(5 n ) = U fceZso PP°(<S n ) fc , where 

PP*(<5„)* = {p G PP?(<5„) | p(l) = A;} 

^{p:[2,n]^[k,k + r]\p(2)<---<p(n)}, 

PP°(5 n ) k = {p € PP°(5 n ) | p(l) = k} 

* {p : [2, n] - [A: + 1, k + r - 1] | p(2) < • • • < p(n)}. 

The generating functions for these sets have been calculated classically (see e.g., 
t2~l Section 1.3]). In particular for k = 0, we have 

*(PP 7 R (U; 9 ) Jn + r " lV 



[n-l],![r],!' 

r k 

*(PP 7 u (<5n)o;?) : 



i [r ~ 1]ql if r > 77 



if r < n. 



Noting the equalities *(PP»(5 n ) fc ;g) = g^PP^o; 9) and #(PpC(5 n ) fc ; g) 

^- /I** eta- 



g fa $(PP% n ) ; 9 ), the statement follows. □ 



2.2. Kostka polynomial. The main purpose in the rest of Section[2]is to compute 
the generating function 

*(ppC(#) ;(? )= v lPl 

peppc(e) 

when 9 C Z x Z. It turns out that \l/(PP!?(0); g) is expressed by level restricted 
Kostka polynomials, and it is proved using Lascoux-Schiitzenberger type expression 
|LSj . which we will see below. 
Put 

z Y n = Y n n (Z x Z), z Y 7 n =Y 7 "n(ZxZ). 
Let (9 G z Y n . For T G tab(0) and i G [1, n], define 



(2.2.1) di(T) 



1 if T~ l (i + 1) — r _1 (i) G Z>i x Z, 
otherwise, 
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and put 

(2.2.2) h T = [ E ) Q G P (= © ieM Zei). 

i€[l,n] \fc€[l,i-l] / 

Then (hy | a^) = —di(T) for i G [1, n] and hence G P~, where we put 

P~ = {( G P | (C | « v ) > for all a G P+}. 

For C G P, we write \(\ = Eie[i, n ] (C I ^ V )- 
Define 

(2.2.3) ^(i-)(g)= E ^' hT '' 

Test(6>) 

(2.2.4) K (ln) (q) = qfrfr-VKo ^(q- 1 ), 

where (l n ) denote the partition (1, 1, ... , 1) of n, The polynomial K0n n \(q) is called 
the Kostka polynomial associated with the skew diagram 9 and the partition (l n ). 
It is known that 

(2.2.5) Kg (1 n ) (q)=Kg l{ln) (q), 
where 9' is the conjugate of 9: 9' = {(a, b) | (6, a) G 9}. 

Remark 2.2. For partitions A and fi, the Kostka polynomials Kx^q) can be defined 
as the coefficients in the expansion 

s\(zi, ...,z n ) = ^Kx^p^zi,.. .,z n ;q), 

where s\ is the Schur polynomial and is the Hall-Littlewood polynomial (see e.g., 
|Macj ) . The expression of the Kostka polynomials of the form ()2.2.3)) 1)2.2.41) is given 
in O 



2.3. Generating functions for classical plane partitions. Concerning the com- 
putation of the generating function \&(PP c (0); g) for (classical) column strict plane 
partitions, several approaches have been known. (See |Stlj |St31 Section 7.21] |Macl 
Example 1.5.12].) We show the formula for $>(PP C (9); q) using the following state- 
ment, and will generalize it to the periodic case later. 

Recall that we identify st(9) as a subset of St 7 (0) C Map(0,Z). 

Proposition 2.3. Let 9 G iX n ■ The assignment (C, T) i— > ^(t^+h T P) ; where g is 
given by 1)1.5. ljl . gives a bisection 

P- x st(0) ^ PP c (0). 

Proof. It follows from the definition of h T that g(t hr T) G PP c (0) for any T G st(0). 
Hence £>(t ?+hT T) G PP c (0) for any ( G P~ and T G st(0). 
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To show that this map is a bijection, we define a map : PP C ((9) -> P~ x st(0) 
as follows. Take p G PP C (#). Introduce an order in the set 9 by 



(2.3.1) (a,b) < (a\b') 



p(a,b) < p(a',b'), or 

p(a, b) = p(a', b') and b < b' . 



Observe that this gives a total order because p is column strict. 

Let ui,...,u n be the elements in 9 such that u\ -< U2 < ■■■ ~< u n . Define 
T p G tab(0) by T p ( Ui ) = i, and define ( p £ P by (C p | e, v ) = pfa) - (h Tp | e t v ). Then 
it is easy to check that T p 6 st(0). 

Let us check Cp G P~. We have 

(C P I a l V ) = P(ui) - p(u i+1 ) - (h Tp | at). 

Observe that (h Tp \a() = -di(T„) > -1. 

Suppose that (Cp | a^) > 0. This occurs only if p(uj)—p(uj + i) = and (hr | ckV) = 
— 1. The latter equality implies Ui+i — U{ G Z>i x Z by (|2.2.1|) . By p(u«) = p(uj + i), 
it follows from the definition ()2.3.1j) of the order -< that Ui+\ — u% G Z x Z>i. Hence 
— ui G Z>i x Z>i, and this implies p(iij+i) > p((«i) as p is column strict. This 
is a contradiction. Therefore (Cp | c^) > for any i G [l,n], namely, Cp G 

We set /3(p) = (Cp,7p). It is easy to see that (3 gives an inverse map of the map 
(C,T) ^ g(t c+hT T). □ 

By restricting the map in Proposition 12.31 we have a bijection 

(2.3.2) P~ x 8k{0) ^ PP C {9), 

where we put 

P- = {C G P- | (C I e\) > 0}. 
As a consequence, we have the following well-known result. 

Proposition 2.4 f[Stl]1. Lei G z Y n . T/ien 

1 

(in) I 



M/(PP R (0);g) = T -^K e(1 , 1) (g), 
*(PP c (0);g) = ^K e(ri) (g). 

l n \q- 

Proof. Note that | e (i c+hr T)| = E ie [i,n] <C + h T I (%) = |C| + |h r |. The bijection 
(|2.3.2|) derived from Proposition 12.31 implies 

*(PP c (0);g)= ^ Y, 9 KHM = m#A <!*)(«)■ 
CG P-Test(e) [nlq - 

To show the formula for l I / (PP R (0); q), we consider the conjugate operation. For 
p G PP R (0), the function p'(a,b) = p(b, a) for (b, a) G 9 gives a column strict plane 
partition on 9'. We have |p| = |p'| and the correspondence p i— > p' gives a bijec- 
tion PP K {9) ^ PP c (0')- Hence ^(PP R (0);g) = ^(PP c (9');q) = Kg, ^(q) = 
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2.4. Restricted tableaux. In the rest of this section we restrict ourselves to the 
case where 9 G zY™ with 0(7) G Z>i. 

Let k € Z>i and m G Z>i. Put 7 = (— m, k — m) and let G zY™. Then 
is expressed as = A/^x for some A, /J G 3) m ,K- Here, recall that S) m>re is defined 
as the subset of F m consisting of the elements satisfying the dominance condition 
(rr^(Ti~2~2l . 

For T G st(0), we have a sequence r -1 ({l}), ^({1, 2}), . . . , r _1 ([l, n]) of skew 
diagrams. Define A^ fe) G F m as the unique element such that T 1 ([1, k]) = //i. 

Definition 2.5. A standard tableaux T on is said to be *y -restricted if Ay ^ G ^m^K 
for all G [1, n]. 

Define 

(2.4.1) st 7 (0) = {T G st(0) I T is 7-restricted}. 

Lemma 2.6. (i) If T £ st 7 (0), i/ien /or any i, j G [l,n] wift i > j ; it holds that 
ct(j') - cr(i) < « - 2. 

(ii) If T € st(9) and T ^ st 7 (0), £/ien t/iere exist i,j G [l,n] suc/i that i > j and 
ct(j') - CtO') = « - 1. 

Proof, (i) Suppose that T G st 7 (0). Take any i G [l,n]. It follows from Ay G 2) mA 
that ct(j) — c-r(i) < k — 1 for any j G [1, i — 1]. Suppose that the equality holds. 
Then, it is easy to see that T _1 (j) — T~ l (i) G Z<_i x Z (namely, T~ 1 (i) is located 

below T _1 (j)). But this implies A^ _1) g D 

m.K 1 and this is a contradiction. 

(ii) Suppose that T ^ st 7 (0). Since Ay = A G £> m , K , there exists i G [l,n] such that 

A^ ^ ^ 3)t7i,k an d A^ G S)m,K- It is easy to see that c-r(j) — Ct(«) = k — 1, where j 
is a number such that Ct(J) = max{cT(&) | k G [1, i — 1]}. □ 

Recall that we regard st(0) as a subset of St 7 (0). 

Proposition 2.7. Let m G Z>i, k G Z>i and G zY™ with 7 = (— m, k — m). 

(i) The assignment ((,T) \— > t^ + h T 7" <?u>es an embedding 

P- x st 7 (0) -» St 7 (0). 

(ii) T/ie assignment ((, T) t— > p(t^ +hT T) gives bijections 

P- x st 7 (0) ^ PP^ (0) , P- x st 7 (0) ^ PP^ (0) . 

Proof. In this proof, we put & = (C + hr | e/} f° r i £ [lj 

(i) First we shall prove that the image of P~ x st 7 (0) is included in St 7 (0). 
Let C G P~ and T G st(0). Put S = t (+hT T. 

Let us check the row increasing condition (T2) in Definition 11.111 Take any 
(a, 6), (a, 6 + 1) G 0. Put i = T(a, b) and j = T(a, 6+1). Then we have i < j as 
T G st(0), and we have £j < £j as £ + hy G P~. Hence 

5"(a, 6) = t^ + h T T(a, 6) = i + n£j < j + n£j = S(a,b+ 1). 

Therefore 5 satisfies the condition (T2). 
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Let us check the condition (T3). Since 8 C ZxZ, it is enough to check S(u) < S(v) 
for any u = (a,b) G 9 and v = (a + k + 1, 6 + k) G 9 with k G Z>q. 

Put i = T(u) G [1, n\. Let p € Z>o be the number such that v + pj G 0. 

Suppose that p = 0, namely, v € 9. Then T(u) = j for some j G [l,?i], and, by 
similar argument as above, we have i < j and £j < and hence S(u) < S(v). 

Suppose that v + pj G 9 with p > 0. Then T(v) = j + pn for some j G [l,n]. 
We have ct(j') — Cx(i) = ct(j + pn) + pK — Cy(i) = p/t — 1 > k — 2. By T £ st 7 (0), 
Lemma 12 . 61 implies i < j, and hence we have £j < £j as C + G We have 

= t(+h T T ( u ) =i + n£i<j + n(£j +p) = t c+hT T(v) = S(v). 

Hence S satisfies the condition (T3). We have proved S G St 7 (0). 

Now, we shall prove the statement (ii). Note that this implies the injectivity of 
the map P~ x st 7 (0) -> St 7 (0). 

(ii) (Step 1) We take £ G P~ and T G st 7 (0), and shall prove that g(t(+h T T) G 
PP°(0). 

Put S = t^ + h T T. We have shown S G St 7 (0), and hence g(S) G PP 7 (0) by 
Proposition 11.171 Assume that g(S) £ PP 7 (0). Then there exist u = (a,b) G 9 and 

v = (a + k + l,b + k) £ 8 with G Z>q such that g(S)(u) = g(S)(v). 

We may assume without loss of generality that g(S)(u) = 0. Then, putting 
i = S(u) and j = S(v), we have i, j G [l,n]. We have T(u) = t_^_h T S(u) = i — n£j 
and, similarly, T(v) = j — n£j. 

Since T G st(8) C St 7 (0), it must hold that £j > £j. On the other hand, since 
we have shown that S G St 7 (0), it must hold that i < j, and hence £j < £j as 
C + h.x G P _ . Therefore we have & = £j . 

Look at two elements T~ l (i) = u — ^7 and T^(j) = v — ^7 in 8. Since i < j 
and a + £jm < a + + 1 + £jm = a + k + 1 + £,jm, it follows from the definition of 
hx that (hx I e^} < (hy | ej). Combining with £ G P~ , this implies £j < £j. This is 

a contradiction. Therefore g(S) G PP 7 (0). 

(Step 2) Recall the bijection P~ x st(0) ^ PP c (0) in Proposition O What we 
have to show is the surjectivity of the map P~ x st 7 (0) — > PP 7 (0). 

Let T G st(0) and ( G P", and suppose that g(t (+hT T) G PP°(0). We shall 
show that T G st 7 (0). Note that this will complete the proof of the statement. 

Suppose that T ^ st 7 (0). Then, by Lemma EHfl there exist i,j G [1, n] such that 
i > j and ct(j') — ct(*) = k — 1. Combining with T G st(8), we have a > a', where 
we put T-^i) = (a,b) and T _1 (j) = (a',6')- 

Observe that (a', b') — 7 = (a, 6) + (& + 1, k), where k = m — 1 — (a — a') G Z>o- 

By i > j and a > a', it follows from the definition of h-p that (hy | e^} > (hy | ej), 
and hence ^ > £j. 

We have t^ + h T T(a, 6) = i + n^j and 

t (+hT T(a + k + l,b + k) = t (+hT T((a', b') - 7) 

= *c+h T (j + n) = j + n(£j + 1), 
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and hence g(t^ + h T T)(a, b) = & and g(t^+h T T)(a + k + 1,6 + k) = £j + 1. The 
assumption ^(t^ + h T T) G PP^(#) implies £j < £j + 1. This is a contradiction and 
hence T € st~(9). The statement has been proved. □ 

2.5. Generating functions and level restricted Kostka polynomials. Define 
(2.5.1) K^\g)= J2 1 lhTl - 

Test 7 (6») 

The polynomials given by K { *-™J{q) = q^^kf^iq' 1 ) is called the level 
restricted Kostka polynomial of level n — m associated with the skew diagram 9 and 
the partition (l n ) (see e.g. |SSj). We obtain a periodic analogue (or level restricted 
analogue) of the classical formulas in Proposition 12.41 

Theorem 2.8. Let k, m £ Z>i and put 7 = (— m, k — m). Let 9 € zY~. Then 

Proof. Follows from Proposition I2.7l -(ii) using ^(t^+hyT 1 )! = l^ + hy] = |CI + l n T|- 

□ 

Remark 2.9. The formula for ^>(PP^(#); q) (for k G Z>i) has not been obtained by 
the argument above. Classically to compute the generating function *&(PP R (#); q) 
for the set of row strict plane partitions is an equivalent problem with to compute 
i|/(pp c (0); qj f or the set of column strict plane partitions, since they are transferred 
to each other through the conjugate (transpose) operation. 

On the other hand, for plane partitions on a periodic diagram, we do not have 
PP^(#) ^ PP^(0) in general any more. Actually plane partitions (and standard 
tableaux) on a periodic diagram of period 7 are transformed by the conjugation into 
those on the conjugated periodic diagram of period 7', for which we have 0(7') = 
—0(7) = —k. For a period with negative content, our method can be applied to 
compute ^(PP^,(9');q), but fails to compute *(PP°,(0'); q).* 

3. Tableaux representations of the trigonometric Cherednik algebra 

We apply combinatorics on periodic diagrams to the study of the representation 
theory of Cherednik algebras. 

First, we give a combinatorial construction of a class of representations of the 
trigonometric Cherednik algebra by modifying the construction in |SVj for the double 
affine Hecke algebra. 



*Another approach to compute the generating functions is to use an interpretation of plane 
partitions in terms of non-intersecting lattice paths. By this method, Gessel and Krattenthaler ob- 
tained a determinant expression of the generating functions for cylindric partitions f |GKI Theorem 
2, Theorem 3]). Connection between their results and our formula in Theorem 12 . 81 will be discussed 
in another place. 
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3.1. Trigonometric Cherednik algebra. We introduce several more notations. 

For a set G, we let FG denote the vector space of F-valued functions on G. In 
particular, if G is a (semi)group, then FG denotes the group algebra. 

We let F[x\ denote the polynomial ring ¥[x\, . . . ,x n ], and let F[x ±:l ] denote the 
Laurent polynomial ring Ffx^ 1 , . . . , x^ 1 ]- 

For a vector space V, we let S(V) denote the symmetric algebra of V . 

For an algebra A, we denote by ^4-mod the category of finitely generated A- 
modules. 

For an element 77 = Y2ielin] r li e i 01 P> we denote by x v = x^ 1 x^ . . . xJl™ the 
corresponding element in the group algebra FP. Via the correspondence 77 1— > x' n , 
we often identify FP with the Laurent polynomial ring F^ 1 ]. The action of W on 
FP = Ffx^ 1 ] induced from the action on P is given by the permutation of variables 

2Ji) . . . , X n . 

Definition 3.1. For k G F, the trigonometric Cherednik algebra (or the degenerate 
double affine Hecke algebra) 7i K of type GL n is defined as the unital associative 
F-algebra generated by the algebras FP, FW and S(\)) with the following relations: 

Sih = Si(h)si - (ai I h) (i G [1, n - 1], h G fj), 
SiX v s -i = x sM ( 4 e [l,n-l], i)£F), 

[/ i ,^]=K(r/|^+ J] (a|/i) l _ _ a ; Sa (fc G f), 7? G P). 

aeB+ 

Define the degenerate affine Hecke algebra of type GL n as the subalgebra of 7i K 
generated by FW and S(t)). Observe that 7^ aff is a subalgebra of 7^ K . 

It is known due to Cherednik that the natural multiplication map in TL K induces 
a linear isomorphism 

¥P®FW®S{\)) — > 1~t K . 

Define the category 0(H K ) as the full subcategory of ?i re -mod consisting of the 
modules which are locally finite for 5(f)), i.e., a finitely generated 7^ K -module M is 
in 0{7i K ) if and only if dim$S(\))v < 00 for any v G M. 

Recall that the elements G H K (i G [l,n]) are realized as Cherednik-Dunkl 
operators (of trigonometric Dunkl operators) 

d_ ^ , , v/> 1 

" dxi 



+ ^ (a [ e, v ) i _ — (1 - s a ) + » - 1 



on the polynomial representation Ffaf* 11 ] of TC K ( \Chl\ ). We call the subalgebra 
5(fj) = F[e^, . . . , e^] the Cherednik-Dunkl subalgebra. 
For £ G t)* and an S'(f))-module M, define 

M ( = {veM\ e> = (( I e y i)v Mi G [l,n]} 

An element £ of f)* is said to be a weight of M if 7^ 0, and an element of Mq a 
weight vector of weight £. 
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Define 0^(7i K ) as the full subcategory of 0(H K ) consisting of those modules M 
such that M = C6f ,»M c . 

3.2. Tableaux representations. Now, we introduce representations of 'hi^ associ- 
ated with periodic diagrams. 

Fix k G F. Let m G Z>i and put 7 = (— m, k — m). 

For 9 G Y™, we denote by V 7 (0) the space FSt 7 (6>) of functions on the set St 7 (0), 

and denote by the element of V 7 (#) corresponding to T G St 7 (0). Namely, we 
set 

%(§) = FSt 7 (0) = Fv T . 

Test 7 (0) 

For T G tab(0), define c T £ fj* by 

(3.2.1) 6 r = J] c r (t)ei, 

ie[l,n] 

where cy is the content of T. 

Lemma 3.2. (i) Let 6 G Y n and T G st(0). Xe£ M 6e an TL 3 ^ -module and suppose 
that M- tT + 0. Then H^v n M ig 7^ /or any t> G M ir and S G st(0). 

(ii) Let 9 G Y™ and T G St 7 (0). Lei M be an TL K -module and suppose that M- CT 7^ 0. 
Then Tt K v D M- Cs 7^ for any v G M- CT and S G St 7 (0). 

Proof. We will prove the statement (ii). The statement (i) follows similarly. 

Let v G M CT . Let S G St 7 (0) and take w G W such that 5 = wT. We will prove 
that n M- Cs = TL K v n Mj uiT 7^ by induction on the length l(w) of to. If l{w) = 
then w = TT k and we have 7r fc u G M^ wT \ {0}, and the statement holds. 

Suppose that l(w) = k and the claim holds for all z G W with /(z) < fc. Take 
i G [0, n — 1] and z£W such that u; = SjZ and l(w) = l(z) + l. Then by Lemma ri.211 
we have zT G St 7 (#), and by the induction hypothesis, we can find a non-zero 
element v' in 7i K v n M± zT . Put c = c z t{i) — c z t(i + 1). Then is easy to check that 
{l+csi)v' G M- CwT . Note that c 7^ ±1 bv Lemma ll.20| and hence (1— csi)(l+csi)v' = 
(1 — c 2 )v' 7^ 0. Therefore (1 + csi)v' is a non-zero element in H K v n □ 



Theorem 3.3. (c/. Theorem 3.16, Theorem 3.17 in |SVj ) let k G F, m £ Z>i and 

put >y = (—m, k — m) . Let 9 G Y™. 

(i) There exists a unique 7i K -module structure on V 7 (0) suc/i i/ia£ St 7 (0): 
£j v v T = c T («)v T (i G [l,n]), 

7TV T = V^T, 

^J 'SSyi V- ^-U^ z/,,TGSt 7 W 

if hT tariff) 

{Note that c T (i) - c T (i + 1) 7^ 6y Lemma VnWty . 
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(ii) The V 7 (0) admits a weight space decomposition with respect to the subalgebra 

v 7 (0)= v 7 (<?) tT , 

Test 7 (e) 

and, moreover, V 7 (0) t = Fv-p for all T G St 7 (#). 

(iii) The Ji K -module V 7 (#) is irreducible. 

Proof, (i) The statement is proved by verifying the defining relation of TL K by direct 
calculations. 

(ii) Follows directly from Lemma ll.191 

(iii) Take any S,T G St 7 (0) and take w G W such that S = wT. By Lemma EH we 
have vs G TL k vt- This implies the irreducibility. □ 

We call Vy(9) the tableaux representation of TL K associated to 9. 

Remark 3.4. For k G F \ Q<o, it can be shown that any irreducible module in 
0^(7i K ) is isomorphic to a tableaux representation V 7 (#) for some m G and 
6* G Y*™ m /e _ m \. A proof of this statement is given by modifying the proof of |SV| 
Theorem 4.20], where the corresponding theorem for the double afline Hecke algebra 
is proved with the restriction k G Z>i and 9 C Z x Z. 

The same statement has been given by Cherednik in |Ch4| ICh5j , where the con- 
dition for two diagrams to give isomorphic representations is also given. 

Similarly, putting V (9) = ©Test(0)FvT, we have the following: 

Proposition 3.5 ( |Ch3|lRa] ). There exists a unique 7i aS -module structure on V aff (9) 
such that 

e-v T = c T (i)vT (ie[l,n\), 
Moreover, V aS (9) is an irreducible 7i -module. 

3.3. Restriction rule and plane partitions. Let k G F, m G Z>i and put 7 = 

(-m, k - m). Let 9 G Y". We put 9 T = T~ x (\].,n)) C 9 for T G Tab 7 (fl) as before. 
Recall the surjection q : St 7 (#) — > PP 7 (#) in Proposition 11.171 for which we have 
T = f? (T)- 1 (O). 

Lemma 3.6. Lei T G St 7 (0). 

(i) Any S 1 G st(9 T ) can be extended to a standard tableau S on 9 by setting S(u + 
n) = S{u)-jn (ue9 T , j'GZ). 

(ii) The assignment vg 1— > va (S G st(# T )) gives an embedding V aS (9 T ) — > V 7 (#) as 
an TC aS -module. 
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Proof, (i) Let S G st(9 T ). It is obvious that S satisfies the condition (Tl) in 
Definition HTE1 

We shall check the condition (T3). Let (a, b) G 9 T C 9. It is enough to show that 
S(a, b) < S(a + k + l,b + k) for any (a + k + 1, b + k) G 9 \ 9 T with k G Z> . 

We have^(r)(a,6) = as (9 T = g(T) -1 (0), and we have e(T)(a + Jb + l,6 + jfe) > 1 
as £>(T) G PP 7 (#) by Proposition 11.171 Note that there exists w G W such that 
S* = wT on (9 T . Hence we have g(S) = g(T). This implies S(a, b) < S(a+k+l, b+k). 

The condition (T2) can be checked similarly. Therefore S G St 7 (0). 
(ii) It follows from the first statement that the defining relations of V aff (# T ) in 
Proposition 13.51 hold for { v s}s gst (0T)- This implies ®sest(9 T )^ v s ~ "^ a£f (^ T )> an d 
the statement follows. □ 

We have the following simple decomposition formula for the restriction V 7 (0) l^afl 
as an ft aff -module (cf. jCh5l Theorem 3.7.3]). 

Theorem 3.7. Let k G F and m G Z>i. Let G Y™ u>i£/z 7 = (— m, n — m). Then 

%0)i HaS = V aff (p- 1 (0)). 

P GPP 7 (0) 

Proo/. Let T G St 7 (0). By Lemma EH)1 we have V 7 (0) | W aff = £ TgSt (0) V afr (^ T ). 

Let T,5e St 7 (0), then V afr (# T ) n V aff (9 s ) = {0} or V aff (fl T ) = V aS (9 s ) because 
they are irreducible. Moreover, it can be seen easily that 

V aS (9 T ) = V aff (0 5 ) v T G V aff (0 5 ) = FW • v s 
T = w5 for some w G W. 

Now, the statement follows from 9 T = ^(T) _1 (0) and Proposition 11.171 □ 

3.4. W-invariant subspace. Define the elements e± in FW by 

(3.4.1) e + = I^», 

(3.4.2) e-^E^" 1 '"- 

The space e+M (resp., e_M) is the W-invariant (resp., W-anti-invariant) subspace 
of M: e±M = {v G M | wv = (±l) l ( w h G W}. The algebra S(fj) w acts on 
ej-M. We will give a decomposition of e±V 7 (0) as an ^(^^-module. 

Definition 3.8. A skew diagram 9 is said to be linked if there exist (a, b) G 9 and 
(a + + 1, b + k) G 9 with fc G Z> . 

A skew diagram # is said to be unlinked if it is not linked. 

Remark 3.9. When 9 C Z x Z, an unlinked diagram is also called a horizontal 
strip. 

A proof of the following proposition is given in the next section. 
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Proposition 3.10. Let 9 be a skew diagram. Then 



1 if 9 is unlinked, 
dim F e + V att (6>) = { J 

if 9 is linked, 



dim F e_V aff (6>) 



J 1 if 9' is unlinked, 
1 if 9' is linked, 

where 9' is the conjugate of 9 : 9' = {(a, b) G Z x F | (6, a) G 9}. 

For £ G f)*, let xc : 5*(f)) w — ► F denote the character corresponding to the image 
WC of C under the natural projection I)* — > W\f)*. 

Let 7 = (—m,K — m) with to € Z>i. Recall the isomorphism : wSt 7 (#) — > 
PP 7 (#). For p G PP 7 (#), define xp = Xc T > where T is any standard tableau such 
that q{T) = p. 

Lemma 3.11. Let p,q G PP 7 (0). Then Xp = Xq if and only ifp = q. 

Proof. We have the map St 7 (0) — » fj* given by T w ct- This map is injective by 
Lemma 11.191 Moreover, it follows from Lemma 11.181 that w(ct) = twT- Hence it 
factors the injection yySt 7 (#) — > W\f)*. Therefore we have an injection PP 7 (#) —* 
W\f)*. This implies the statement. □ 

For a character x of S(h) w , put 

e±V 7 (#) x = {v G e±V 7 (#) | = V/t G <S(f)) w }. 

For T G St 7 (#), observe that the vectors e + v^ G V 7 (#) and e_VT G V 7 (#) have the 
character x e {T) = Xi T - 

Theorem 3.12. Let k G F and m G Z>x, and let 9 G Y™ 7 = (—m,K — m). 
Then 

e+V 7 (0)= e + V 7 (0)*», 
peppc(e) 

e-V 7 (<?)= e_V 7 (0)*». 

Moreover, dim F e + V 7 ((9) Xp = 1 /or all p G PP 7 (0), and dim F e_V 7 (0) x P = 1 for all 
pGPP*(0). 

Proof. By Theorem 13.71 and Proposition 13.11)1 we have 

e+V 7 (<9)= _ e + V aff (p- 1 (0)) 

pSPP 7 (6»), p-^O^uriiinfced 

To prove the formula for e + V 7 (0), it is enough to show that p _1 (0) is unlinked 
if and only if p G PP 7 (0). The "if" part is obvious. Let us prove the opposite 
implication. Suppose that p is not column strict. Then there exists u\ = (a, b) G 9 
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and ii2 = (a + k + 1, b + k) £ 9 with k £ Z>o such that p(iti) = p(i*2)- Then 
p(ni + p(ui)7) = p(u2 + p(ni)7) = 0. Hence u\ +p(m)7 and U2 + p(ui)j belongs to 
p _1 (0), and this implies that p _1 (0) is linked. 

Therefore we have proved the formula for e + V 7 (#). The formula for e+V 7 (0) 
follows similarly. □ 

The following decomposition formula was conjectured in |AST1 Conjecture 6.2.6]. 

Theorem 3.13. Let k £ Z>i, m £ Z>i and 9 £ ^Y™ with 7 = (— m, k — m). Then 

e+V 7 (0) = e + V 7 (^< + h T , 

CeP-, TGst 7 (6») 

Moreover e + V 7 (#) Xc+hT = Fe + vj c+h x an d it is non-zero for all C € P~ and T £ 
st 7 (0). 

Proof. Follows from Proposition 12.71 and Theorem 13.121 noting that Xg(t c+hT T) = 
X C +h T for T £ st 7 (0). T □ 

3.5. Proof of Proposition l3"TlOL First, we prepare notations concerning cosets of 
the Weyl group. 

For w £ W, set R(w) = R + D w~ x R-, where R~ = R \ R + . 

Let ^ = (i^i , . . . j I'm) 1= n ( a composition of n). Put 1(f) = [l,n] \ + 
^2, • • • , Efce[i,m] v k) and define 

W„ = ( Si I i £ J(i/)) C W. 

The subgroup is called the parabolic subgroup (or Young subgroup) associated 
with v. Define 

(3.5.1) W u = {w £ W I i?(u>) n R+ = 0} , 

where i?+ = {a £ .R + | s a € W^}. As is well-known, W v complete set of represen- 
tatives of the coset W/W u . 

Proof of Proposition ^ 1 (k Suppose that 9 is linked. Then there exist (a, b) £ 9 and 
(a + k + 1, b + k) £ with k £ Z>o- We take k as small as possible. Then it is easy 
to see that there exists T £ st(9) such that T(a + k + l,b + k) = T(a, b) + 1. 

Put z = T(a, 6). Then s^T £" st(#), and it follows from the definition of the action 
of Si ( Theorem 13 .3j) that SjV-r = — vp, and hence 

e + v T = — wv T = —. ^ u>(l + Si)v T = 0. 

where denotes the composition (i,n — i), and W^W denotes the set of coset 
representatives of W/W^^). 

Since V aff ((9) = W afr -v T = FW-v T , we have e+V afr (6>) = e + FW-v T = Fe + v T = 0. 

Suppose that 9 is unlinked and take A, fi £ F m such that 9 = X//J,. Let M denote 
the FW-module FW <S>fw a _ m ^Ia-^j where F1a- m denotes the trivial module of the 
parabolic subgroup Wa-^- 
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Observe that SjV te = for any s» € W\-fi- Here, tg is the row reading tableau 
on 6 in 1)1.4.11) . Hence there exists an FW-homomorphism 

such that 1a_ m i-> u^. Note that we have V aff (#) = W aff • v^ = ¥W ■ v^ as v^ is a 
weight vector with respect to 5(h). Hence the map M — » V aff (#) is surjective. 
It is easy to see that 

<rt I 

for an unlinked diagram 6. Therefore dimV aff (0) = dimM, which implies that the 
map above is an FW-isomorphism. Therefore e + V aS (0) = e + M = Fe^l^-^ and it 
is one-dimensional. This completes the proof of the statement for e + V aff (#). The 
statement for e_V aff (#) is proved similarly. □ 



4. Application to the rational Cherednik algebra 

We will apply the combinatorial method developed in the previous section to the 
study of representations of the rational Cherednik algebra 7i K . 

Representations of Ti K with weight decomposition with respect to the Cherednik- 
Dunkl subalgebra are constructed as tableaux representations by giving the action 
of generators of 7i K on a basis vector labeled by standard tableaux. On the other 
hand, such construction has not been known for TL K . But it will be shown that any 
irreducible T^-modules of the corresponding class can be realized as a subspace of 
tableaux representations of TL K using the functor given in jSulj . which relates the 
representation theory of TL K and Tl K . 

4.1. Rational Cherednik algebra. We put P D = ®i£[i jn ]^>o e i as before, which 
is the semi subgroup of P generated by {ei, . . . , e n }. Recall also that FP Q = F[x] 
under our identification. We define 

which is a semigroup (with unit) with generators {tt, si, , s n _i}. 

Definition 4.1. For k£F, the the rational Cherednik algebra 7i K of type GL n is 
the unital associative F- algebra generated by FW and ¥[y] = ¥[yi, . . . , y n ] with the 
following relations: 

SiVj =y Sl (j) s i (* G I 1 *™ - !]> 3 £ [hn]), 

r i J K + l^k^i s ik (* = 3) f • _ ri n 
[Sij VTJ) 

The natural map gives a linear isomorphism 

¥P Q (&¥W (£>¥[y] —* TL K . 
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Put ¥[y] + = Siefl n] yi^iv] c An element u of an 7Y K -module is said to be F[y] + - 
nilpotent if there exists k G Z>o such that (yi) k v = for all i G [1, n]. An 7^ K -module 
M is said to be locally nilpotent for F[y] + , if any element of M is F[y] + -nilpotent. 

Define 0(Ti K ) as the full subcategory of T^-mod consisting of those modules 
which are locally nilpotent for F[y]+. The following statement is easy to show but 
will play an important role. 

Proposition 4.2 ( |Sul| ). There exists an algebra embedding i : TC K — » Ti K such that 
i{w)=w (w€W), i(xi) = €i {ie[l,n]), 

t(y») = x I Y - ^2 1<:j<i (* G t 1 ' 

Moreover, the embedding i : W K — > TL K is extended to the algebra isomorphism 

¥[x ±l ] ® m n K ^ n K . 

In the sequel, we often identify TL K with the subalgebra of TL K generated by FW 
and m = x~ l (e( - Y^x<j<i s ji) (* e via tne embedding l. 

Under this identification, G W K is also contained in H. K , and it is expressed as 
= XiUi + Sj<j s i« i n terms of the generators of TC K . 

Define 0*>(H full subcategory of 0(TC K ) consisting of those modules M such 

that M = 0cer M C' where M c = {w G M | e 4 v v = (C | eV)u Vi € [l,n]} as before. 
The following lemma is easily checked. 

Lemma 4.3. (i) There exists an algebra isomorphism a : 7i K — ► 7^_ K smc/i t/iai 

<r(xi) = (-l)"- 1 ^, a(e, v ) = -er (*e[l,n]) 9 
o-(si) = -Si (i G [0,n- 1]), 

and zte restriction to 7i K gives an algebra isomorphism c \ 1~Ck, — * 
(ii) T/ie algebra isomorphism a induces categorical equivalences 

0{H K ) ^ 0(H- K ), o\n K ) ^ 0\H- K ), 
0(H K ) ^ 0(H- K ), 0\H K ) ^ 0\H- K ). 

Consider the induction functor 7i K -mod — ► 7^ K -mod given by 

M > T~L K ® Hk M. 

We denote its restriction to 0{7i K ) by ind. Then it turns out that ind gives an 
exact functor into 0(Ti K ) QSull Corollary 3.4, Proposition 4.2]). 

For an 7l! K -module N, denote by nil(iV) the subspace of N consisting of the 
F[y] + -nilpotent elements: 

(4.1.1) nil(iV) = {v G N \ v is F[y] + -nilpotent}. 

It follows that nil(iV) is an 7^ K -sub module of Nln K and it is finitely generated over 
H K f |Sull Lemma 4.4]). Therefore we have the functor nil : 0(H K ) — » 0(TC K ). 
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Theorem 4.4. QSul| Section 6]) (i) The functor nil is the right adjoint functor of 
functor ind. Moreover, nil o ind(M) = M for any M G 0{TL K ). 

(ii) The functor ind : 0(7i K ) — > 0{TL K ) is exact and fully-faithful. 

4.2. The category for the rational algebra. Let m G Z>i and k G F\Q<o, 
and put 7 = (— m, ft — m). 

Let A + (m, n) denote the set of partitions of n consisting m nonzero components: 

(4.2.1) A+(m, n ) = {A = (Ai, . . . , A m ) G (Z>i) m | A h n} 
Set A+(m, n) = A + (m, n) for k G F \ Q, and set 

(4.2.2) A+(m, n) = {A G A + (m, n) \ s - m - Ai + A m G Z> } 

for k = s/r G Q>o with s,r G Z>o, (s,r) = 1. 

We identify a partition A G A + (m, n) with the associated diagram {(a, 6) G Z x Z | 
a G [l,m],o G [l,A a ]}. By this identification, A + (m,n) and A+(m,n) are thought 
as a subset of Y n and Y™ respectively 

Recall the functor nil : 0(Tt K ) — ► 0(H K ), and consider its image of the tableau 
representation V 7 (A) for A G A+(m,n). By Theorem 14.41 nil(V 7 (A)) is irreducible 
or zero. Moreover, it admits a weight decomposition with respect to the Cherednik- 
Dunkl subalgebra 5(f)), since it is an S^-submodule of V 7 (A). Hence nil(V 7 (A)) 
belongs to 0\H K ). 

Remark 4.5. (See |Sull Proposition 8.1].) More generally, it holds for any M G 
0(H K ) that 

M G 0\H H ) O ind(M) G 0*>{H K ). 

For a partition A h n, let S\ denote the corresponding irreducible W-module. We 
define the standard module of 7i K associated with S\ by 

where we let F[y] act on 5a through the augmentation map F[y] — > F given by g/, h- > 
(*€[l,n]). 

Let \ttO{TL k ) (resp., IrrO^Hre)) denote the set of isomorphism classes of the 
irreducible modules in 0(H K ) (resp., 0^(Tt K )). 

Proposition 4.6. ( [TCHlKmoff] ) Let k G F\ {0}. 

For A G U mg [ l n ] A + (m, n), the standard module A K (A) has a unique simple quo- 
tient module, which is denoted by C K (X). Moreover, the assignment A h- > C K (X) gives 
a one-to-one correspondence 

\J A+(m,n) ^IttO(H k ). 
m6[l,n] 

Proposition 4.7. Let k G F \ Q<o and m G Z>i. For A G A+(m, n), it /io/ds that 
C K (X) = nil(V 7 (A)), where 7 = (— m, n — m). 
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Proof. Recall that V afT (A) is embedded into V 7 (A) via yr i— > vy as an 7i aff -submodule. 
Obviously, (the image of) V aff (A) is locally F[y] -nilpotent, and hence V aff (A) C 

nil(V 7 (A)). Remark that for A G A + (m, n), the restriction V aff (A)J,Fw is irreducible 
as an FW- module, and it is isomorphic to S\. Therefore we have a surjective homo- 
morphism A re (A) — > nil(V 7 (A)). This implies that nil(V 7 (A)) is the simple quotient 
ofA K (A). " □ 

We have the following result for O i> (7i K ), whose proof will be given in Appendix. 

Theorem 4.8. (c/. [SuH Theorem 8.2]) Let k G F\Q< . The assignment A i-> C K (X) 
gives a one-to-one correspondence 

m£[l,n] 

Remark 4.9. (i) The classification result in Theorem 14 . 81 for k G Q<o can be obtained 
via the isomorphism TL K = H- K . 

(ii) In the case where k G Z \ {0}, the classification is given in |Sulj as a conse- 
quence of the classification theorem for O i, (TL K ) ( jCh4| Theorem 6.5] |SV| Corollary 
4.23]). The statement for general k is also stated in |Sul| Remark 8.3] without a 
precise proof. It should be also mentioned that, in the proof given in Appendix, the 
classification result for 7i K , which is more complicated, is not used. 

4.3. Tableaux description for irreducible 7Y K -modules. We will give a weight 
decomposition of C K (X) = nil(V 7 (A)) with respect to the subalgebra 5(h) by giving 
a description of the subspace nil(V 7 (A)) of V 7 (A) in terms of the basis { v T} TgSt fy- 
Define Ti° K as the subalgebra of TC K generated by FP , FW and 5(h): 

H° K = ¥P a ■ FW • 5(h), 

which is also a subalgebra of TL K . 

We treat a general skew diagram 9 G Y™ for a while. Identify the W aff -module 

V aff ((9) with the subspace Test(e) ¥v T of %(6). Let V 7 (#) + be the W°-submodule 

of V 7 (0) generated by V aff (#): 

Define 

(4.3.1) St 7 (0)+ = {T G St 7 (0) | T(u) G Z>i Vu E 9}. 

Lemma 4.10. As a subspace o/ V 7 (0) = FSt 7 (0), it holds that 

V 7 (#)+ = FSt 7 (0)+. 

Proof. Let T G St 7 (0) + . If S]T, . . . , s n -\T and ttT are in St 7 (0), then they are actu- 
ally in St 7 (0) + . By the formulas in Theorem l3.3l -(i). it follows that v Sl T, ■ ■ ■ , v s „_ 1 t ! 
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and ttvt are in © reSt Fvy = FSt 7 (6>) + . Therefore FSt 7 (0) + is closed un- 
der the action of VV . Since FSt 7 (0)+. includes V aff (#) = © Test(0) Fv T , we have 
V 7 (0)+ = FW • V aff (0) C FSt 7 (0)+. 

Let us see the opposite inclusion. Fix any S G st(0) C St 7 (0) and put 

Z s = {w G W | wS G St 7 (0)}, Z° s = {w G W | wS G St 7 (0)+}. 

Observe that £5 ■ 5 = St 7 (0), Z° s ■ S = St 7 (0) + and Z£ = G Z 5 | «;(t) > 1 Vi G 
[l,n]}. 

We will prove that v w g G V 7 (0)+ for every io G Z° s by induction on the length of 

w. 

Let to G i?5 with = 0. Then w = tt p for some p£Z and it is easy to see that 
p G Z>o- Assume that the statement is true for all w G Z° s with < k. 

Let it; G 2g with l(w) = k. Take i G [0, n — 1] and x G W such that w = SjX and 
l(w) = l(x) + 1. Then x G i?s by Lemma 11.211 

Suppose that i G [1, n — 1]. Then it follows that x = SjU> G and hence 
VxS G V 7 (0)+ by induction hypothesis. We have 

v w s = v Sl x5 = (1 + a)~ 1 (v xS + asiV xS ) G FWoV^s, 

where a := t x s(i) — t x s(i+l), and 1+a 7^ by Lemma l"l.2UI Therefore v w $ G V 7 (0)+. 

Suppose that i = 0. As a step, we will show that ir^^-x G iTSj. If 7r _1 x ^ 
then there exists j G [l,n] such that tt x(J) G Z<o- This means x(J) = 1 since 
x(j) G Z>i and 7r _1 x(j) = x(j) — 1. Therefore = sqx(J) = [1, 7i]. This 
contradicts u; G Therefore we have 7r _1 x G 2|. 

Put y = 7r _1 x. The induction hypothesis implies v^g G V 7 (0)+. 

Since y G i?s and s n -iy = 7r _1 w G Zs, we have a := c y s(n — 1) — c y s{n) 7^ — 1. 
Therefore we have 

V„,5 = VTrs n -iyS = (1 + gO^O^S + aTTSn-xV^s) G FWoV^, 

and hence v w s G V 7 (0)+. Therefore we have V 7 (0)+ D ©Test = FSt 7 (0) + , 

and the statement is proved. □ 

Proposition 4.11. Let k G F \ Q<o and let A G A+(m, n). TTien 

nil(V 7 (A)) = FSt 7 (0)+ 

as a subspace of V 7 (A) = FSt 7 (0). 

Proof. It is enough to prove nil(V 7 (A)) = V 7 (A)+. Since V aff (A) C nil(V 7 (A)), it 
holds that V 7 (A) + C nil(V 7 (A)). Since nil(V 7 (A)) is an irreducible 7i K -module, it is 
enough to show that V 7 (A) + is closed under the action of Tt K - Put u = J2ie[i n] Vi e 
H s ci Then 

= KVi, [u,Xi] = K (ie[l,ra]) 3 
[u),si] = (*E[l,n-l]). 
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This implies that uj and the elements in TC° generate the algebra TC K . It is easy to 
check that ujv = for all v G V aff (A). Hence it follows that uj preserves V 7 (A)+ = 
FW • V aff (A) = FP ® FW • V afr (A). Therefore H K • V 7 (A)+ C V 7 (A)+. □ 
Combined with Proposition 14.71 we obtained 

(4.3.2) £ K (A)^FSt 7 (#) + . 

4.4. Consequences. Let k G F\Q<o and m G Z>i, and put 7 = (— m, k — m). Let 
A G A+(m,n). As a consequence of the realization 1)4.3. 2j) of £ K (A), we obtain the 
following: 

Theorem 4.12. T/ie 7i K -module C K (X) admits the following weight decomposition 
with respect to the subalgebra 5(h) = F[e v ] : 

£ K (A) = £ k (\) Ct . 

T6St 7 (A)+ 

Moreover, dwaf£ K (X)- = 1 for all T G St 7 (A) + . 

Observe that the degenerate affine Hecke algebra Tt aS = S(\))FW C TL K is a 
subalgebra of H K under our identification H K C 7i K . As a consequence of Theorem 
13.71 we have 

Theorem 4.13. The 7i K -module C K (X) admits the following decomposition as an 
-module: 

£«(AH«*= v aff (p^(o)). 

p G PP 7 (A) 

Recall that X( '■ 5(h) w — > F denotes the character corresponding to £ G h*. We 
denote Xp = Xi T f° r P e PPtW as before, where T is a standard tableau on such 
that f?(T) = p. By Theorem 13.121 we have 

Theorem 4.14. The TL K -module C K (X) admits the following decomposition as an 
S{i)) w -module: 

e + £ K (A)= e + £ K (\r>, 
pePP^A) 

e_£ K (A)= e_£ K (A)^. 
pePP^(A) 

Moreover, dim F e + £ K (A) Xp = 1 for all p G PP 7 (A), and dim F e_£ K (A) Xp = 1 for 
all p G PP*(A). 

By Proposition 12.71 and Theorem 14. 141 we obtain the following: 

Theorem 4.15. The TL K -module C K (X) admits the following decomposition as an 
S (h) -module: 

e+£ K (A)= e + C K (Xr^r, 
CeP<T, rest 7 (A) 

Moreover, e + £ K (X) X(+il T = Fe + v t T /or a// ( G P~ and T G st 7 (A). 
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Remark 4.16. Put C = Q> U{-2/(2£: + l) | k G Z> }. Then it is shown by Gordon- 
Stafford |(tS| (see also [BEC^lj ) that the assignment M i— > e+M gives a Morita 
equivalence 7^ K -mod — > e + "H K e + -mod if ft ^ C. Via the isomorphism 7i K = 
in Lemma 14. 3| it also holds that the correspondence M i— > e_M gives a Morita 
equivalence 7Y re -mod — > e_7Y K e_-mod if — k £ C 

The algebra e + 7i K e + is called the spherical subalgebra of 7Y K . 

It should be mentioned that parallel statements can be shown for W K -modules 
using the isomorphism Ffx^ 1 ] <8>f[x] W k = TL K . 

5. Characters 

We introduce characters for e±C K (X), and compute them in several cases using 
the results in SJ2] and flOl 

5.1. Characters and generating functions. The algebra Tt K has the grading 
operator 

n n 

(5.1.1) d = k' 1 ^2 e i = K ~ X ^2 XiVi + Si i- 

i=l i=l l<£<j'<n 

The element 9 belongs to 5"(f)) w and satisfies 

[9, a?i] = xi, [d, e{} = -e{ (i G [1, n]), 

[d,w]=0 (weW). 
In particular, d preserves the W-(anti-)invariant subspace of any W K -module. 

We put & = kT 1 Ya=i x iVi an( i = J2i<i<j< n s ir Tnen d = & + <9w and 
[d',d w }=0. 

For an F[<9]-module M and d € F, put M[d] = {v G M \ (d-d) k v = for k » 1}. 
For M G 0(Ti K ), it follows that M is finitely generated over ¥[x\, and hence we have 
dim^Mfd] < oo, and the trace 

Tr(M;q 9 ) = J2(dim v M[d])q d 
dew 

is defined. Similarly, we can define Tr(e±M;q 9 ), which we call the spherical char- 
acter of M. 

Let A G A+(m, n). Put |p| = X^mgaP^) f° r P e PP(^) as before. The following 
can be checked easily. 

Lemma 5.1. Let T G St~(A). Then for vy G V 7 (A), 

(5.1.2) 0v T = (|^(T)| + d A )v T , 

. m 

(5.1.3) d A = — VA i (A i -2i + l). 

4 = 1 

By Theorem 14.141 the computation of the characters are reduced to the compu- 
tation of the generating functions for plane partitions: 
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Corollary 5.2. Let k G F \ Q<o and m G Z>i, and put 7 = (—m,K — m). Let 
A G A+(m, n). T/ien 

Tr(e + £ K (A);g 9 ) = <^ £ ^, 
pePP^A) 

Tr(e_£ K (A);g a ) = ^ £ gW. 

pePP^(A) 

5.2. Spherical characters of irreducible modules and Kostka polynomials. 

Combining Corollary 15.21 and the results in Section |21 we obtain character formulas 
in the following cases: 

(i) k G Z>i. 

(ii) k is "generic". 

First, let k G Z>i. By Theorem 14.151 and Theorem 12.81 we obtain the following 
formula, which is announced in the previous paper by the author |Su2j . 

Theorem 5.3. Let m, k G Z>i and A G A+(m,n) . TTien 

Tr(e+£ K (\) ]q d ) = ^K^iq), 
where [n) q \ = (1 - q)(l - q 2 ) . . . (1 - q n ). 

Remark 5.4. The formula for e_£ K (A) with k G Z<_i can be obtained through the 
isomorphism Ti K = 7Y- K . But, the formula for e_£ re (A) with k G Z>i has not been 
obtained (see also Remark l2.9|) . It seems remarkable that e + C K (X) has such a simple 
character formula. 

Next, we consider the case where k is generic. Let k£F \ {0}, m G Z>i, and let 
9 G Y" with 7 = (— to, k — to). 

Definition 5.5. The k is said to be generic for 9 if 

{(a + fc + 1, b + k) G F x Z | k € Z> } fl (9 7 C for any (a, b) G 0, 

where 7 = (— m, k — to). 

It is obvious that for C Z x Z, irrational k is generic. The following can be 
shown easily. 

Proposition 5.6. Let k G F \ Q<o and A G A+(to, n). T/ien k is generic for A if 
and only if one of the following holds: 

(a) k i Q. 

(5) k = s/r with r, s G Z>i, (s, r) = 1, and Ai > s — m + 1. 

The following is obvious 

Lemma 5.7. If k is generic for 9, then PP(0) = PP 7 (0) ; PP R (0) = PP R (0) and 
PP c (0) = PP°(0). 
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As a direct consequence of Proposition 12.41 we have the following: 

Corollary 5.8. Let k G F \ {0}, m G Z>i and A G A + (m,n). Suppose that k, is 
generic for A. Then 

Tr(e + C K (\);q d ) = ^-K X{ln) (q), 
i n \g- 

Tr(e_£ K (A);<z a ) = £j-K x(ln) (q). 
[n\q\ 

5.3. Characters of standard modules and their irreducibility. Let A h n. 

We have an isomorphism 

A K (A) ^F[x]®S x 

as an FW-module. Observe that it is also an isomorphism of ¥[&] -modules, where 
d' acts on ¥[x] (g) 5a as Ylie[i n] Xi ~§xl ® X ^S\- ^ ne following is straightforward: 

Proposition 5.9. Let k G F \ {0} and let A h n. T/ien 

Tr(A K (A);g a ) = ^^ r dim F 5 A . 

We will see that the genericity of k is a sufficient condition for a standard module 
to be irreducible. 

For C = Eie[i,n] d e i G P and T G st(0), define ji < j 2 < ■ ■ ■ < j n to be the 
increasing sequence in Z obtained as a rearrangement of 1 + n£i, 2 + n^2, • • • , ra + n£ n , 
and define the tableau £ = <™ on by 

£(u + Ar/) = ~~ ^ n (u £ 9, k £ Z). 

Then it follows from the definition that £ is row-column increasing on 0. Suppose 
now that k is generic for 0. Then it is easy to see that £ G St 7 (0), and hence the 
assignment (C>P) h-> £(£,t) gives a map P x st(0) — > St 7 (0). 

Lemma 5.10. Let 9 G Y™ and suppose that k is generic for 9. Then the correspon- 
dence (C,T) | — > ^(C,T) above gives bijections 

P x st(0) ^ St 7 (0), P x st(0) ^ St 7 (0) + . 

Proo/. For S G St 7 (0), define Zi < • • • < Z n as the increasing sequence in Z obtained 
as a rearrangement of {S(u) \ u G 0}. Write l{ = Zj + fejn with Zj G [1, re] and fcj G Z, 
and define Cs = Zlie[i,n] ^ e F; e ^- Define Ts G tab(0) by 

Ts(u) = i for it G such that S^u) = Zj. 

Then T 5 G st(0) as 5 G St 7 (0). It is easy to check that the map St 7 (0) -> P x st(0) 
given by the correspondence S 1 1— > (C5,Ps) is the inverse map of £. □ 

Proposition 5.11. Let Ahn. If k is generic for A. TTten A K (A) is irreducible and 
isomorphic to C K (X). 
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Proof. Observe that for £ = £(£,t) in Lemma fo.lOl we have <9vs = + d\)vz, 
where |£| = n] Ci- Hence the lemma implies 

Tr(£ K (\);q 9 ) = dim F S A • q d > £ = ^ dim F S A . 

Because we have a surjective homomorphism A K (A) — > C K (X) and both sides have 
the same character, they are isomorphic. □ 

Proposition 5.12. (c/. jSSl Proposition 3.9]) Let k G F \ {0}, m G Z>i and 
A G A + (m, n). Then 

Tr(e + A K (A);g 9 ) = T ^ y ^ A(1 „ ) (g), 
Tr(e_A K (A);g a ) = T ^-^ A(1 „ ) (g). 

[ n \q- 

Proof. Note that Tr(e ± A K (A); q 9 ) = q dx Tr(e±A K (X); q 9 ') and Tr(e ± A K (A); q 9 ') does 
not depend on k. Hence it is enough to show the formula when k is generic for A 
(for example, k ^ Q). In this case, we have Tr(e±£ K (A); q 9 ) = Tr(e±A K (A); q 9 ), and 
the statement follows from Corollary 15.81 □ 

Remark 5.13. Proposition 15 . 1 2l can be also derived from the result by Garsia-Procesi 
|(tP| . As is well-known, ¥\x\ is a free module over F[x] w , and furthermore F[x] = 
F[x] w ® K graded FW-module, where 7Z (called the coinvariant algebra) is 
by definition the quotient algebra of F\x\ by the ideal generated by the elementary 
symmetric functions of positive degree. 

In |GPj . it is proved that in the decomposition 

(5.3.1) K = ® Xhn M x ® S x 

as a graded FW-module, the graded dimension of M A is given by Kx(i n )(o)- This 
implies the formula in Proposition 15.121 

Conversely, our proof of Proposition 15.121 gives an alternative derivation of the 
formula Tv(M X ]q 9 ) = Kx(i«)(q) in [HP] . 

5.4. Characters for single column representations. As a result for non-generic 
and non- integral k, we give character formulas for the tableaux representation cor- 
responding to the single column 5 n = {(a, 1) G Z x Z | a G [1, n]} using Proposition 

Lemma 5.14. Ze£ k G F \ Q<o and pn£ 7 = (— n, k — n). 

(i) <5 n G Y™ if and only if k ^ Q or k = s/r with s G Z> n; r G Z>i and (s,r) = 1. 

(ii) Suppose 5 n G Y™. Then A K (5 n ) = C K (5 n ) unless k = n/r with r G Z>i and 
(n, r) = 1. 

Proof. Note that 5 n G Y™ 44> 5 n G A+(n, n), and the statement (i) is obvious. 

By Proposition I5.6( k is generic unless k = n/r. Hence the statement (ii) follows 
from Proposition 15. Ill □ 
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In the rest, we suppose k = n/r with r G Z>i, (n,r) = 1. 

Proposition 5.15. The Ti K -module C K (5 n ) is a free module overF[n] of rank r n . 
Moreover, 



n-1 




Tr(C K (6 n );q 9 )-- 
Tr(e_C K (5 n );q d )-- 

['^q'-Flq'- 

I if v *^ Tt 

Tr(e + £ re (£ n );g 9 ) = { -I r (n-1) [r-l],l •, ^ 

[n\ q \[r-n\ q \ J - 

Remark 5.16. For the rational Cherednik algebra TL K {SL n ) of type SL n , formulas for 
Tr(£ K (<5 n ); q d ) and Tr(e_£ K (5 n ); q d ) have been obtained by Berest-Etingof-Ginzburg 
BEG2 by a different method. (They furthermore computed Tv(C K (S n ); wq d ) for any 
w G W.) In the same paper it is also proved that finite-dimensional representations 
for 7i K (SL n ) exist only for k = ±n/r with r 6 Z>i, (r, n) = 1, and moreover any 
finite-dimensional irreducible module is isomorphic to C K (5 n ) in "+" case and is 
isomorphic to C K (S' n ) in "— " case (see also |Ch41 p. 65]). 

Proof. The formulas for e±C K (S n ) are direct consequences of Proposition 12.11 We 
shall prove the statement for C K (5 n ). 

By similar argument as in the proof of Proposition 12.11 it follows that 

St 7 (? n )+ = {TG Tab 7 (?„) | < T(l, 1) < T(2, 1) < • • • < T(n, 1) < T(l, 1) + rn} . 

Observe that tt G W acts on the space C K (5 n ) = FSt 7 (<5„) + by ttvt = v n T- 
Put St 7 (<5 n )i = {T £ St 7 (5 n ) | T(l, 1) = 1}. Then it easily follows that 
FSt 7 (<5„) + is a free module over ¥[ir] with the basis { v T} TgSt ^- 

Let M(n,r) denote the set of all maps from [2,n] to [0, r — 1]. For / G M(n, r), 
there exists a unique T G St 7 (<5 n )i such that {T(2, 1). . . . ,T(n, 1)} = {i + /(i)n | i G 
[l,n]}. From the expression of St 7 (# n ) + , it follows that this correspondence gives a 
bijection M(n,r) — ► St 7 (<5 n )i. In particular, we have iank ¥ ^C K (5 n ) = ftSt 7 (<5 n )i = 



Let Ty denote the element in St 7 (5 n )i corresponding to / G M(n,r) through the 
bijection M(n,r) — » St 7 (<5 n )i above. Then, we have <9vjy = (|/| + d$ n )vT f , where 
l/l = Sie[2 n] /(*) ana - ds n = —\ r ( n ~ !)■ ^ is easy to see that 

f£M(n,r) v * 7 

from which the statement follows. □ 
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Appendix A. Classification of irreducible modules with weight 

DECOMPOSITION 

We give a proof of Theorem 14.81 For ( 6 I)*, we define a function on Z by 
setting 

F^(i) = (C | ej) — kn for i = i + kn with i G [l,n], k G Z. 
To prove Theorem 14,81 we use the following lemma: 

Lemma A.l. (c/. |SV| Lemma 4.19]) Let k E F \ Q<o- £ef L 6e an irreducible 
TL K -module which belongs to 0^(T-C K ), and let £ £ h* 6e a weight of L. For any 
i,j G Z sttc/i i/tai 

i < j and (£ | ay) = 0, 
f/iere exisi fc+ G [z + 1, j — 1] and A;_ G [i + 1, j — 1] snc/i i/tcrf 

F c (fc ± ) = F c (z)±L 

Proof. The statement has been proved in |SV1 Lemma 4.19] with the restriction 
(6P and n G Z. The proof can be generalized to our case with little modification. 
□ 

Proof of Theorem \4-8\ 

We have seen that C K (X) = nil(V 7 (A)) when A G |_lme[in] As ( m > n )> an d hence 
C K (X) is in 0\U K ) 

We suppose that A G A + (m, n) \ A + (m,n), and will prove that C K {\) does not 
belong to 0^(7i K ). The statement is easily checked when k ^ Q. 

Assume that k G Q>o and write k = s/r with r, s G Z>i, (r, s) = 1. 

Since S x = V afT (A) C £ K (A), the content c tA of the row reading tableau t\ on A 
gives a weight ct A of C K (X). By the assumption, we have 

s - m - Ai + X m G Z <0 . 

First, assume that s < m. Put a = m — s. Then a G [1, m — 1] and (a, 1) G A. We 
put i = t\(m, 1) and j = t\(a, 1) + rn. We have 

F hx (j) = i\ (t A (o, 1)) - rn = 1 - a - s = 1 - m = F^ (i). 

It is easy to see that 

F^ (jfe) > F^ (i) for all k€[i + l,n], 

F itx (k) > F itx (j) for all k G [1 + m, j - 1], 

£ Z for a11 fc e l n + !> H- 
Therefore there are no A: G 1] such that Fj t (fe) = Fj t (i)— 1. Bv Lemma lA.l| 

£ K (A) is not in 0^(H K ). 

Next, assume that s > m. Put 6=1 + X m + s — m. Then we have b G [1, Ai] 
and hence (1, b) G A. Put i = t\(m, X m ) = n and j = t\(l, b) + rn. Then F Ct (j) = 
F- H (t\(l, b)) — rn = (1 + X m + s — m) — 1 — s = X m — m = F- ti (i). Similarly to the case 
s < m, it is shown that there are no k G + — 1] such that Fj t (k) = F Ci (i) + 1. 
By Lemma EH C K {X) is not in 0*>(H K ). □ 
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